GEOMETRIC APPROACH TO ENDING LAMINATION 

CONJECTURE 



TERUHIKO SOMA 

Abstract. We present a new proof of the bi-Lipschitz model theorem, which 
occupies the main part of the Ending Lamination Conjecture proved by Minsky 
|Mi2] and Brock, Canary and Minsky |BCM) . Our proof is done by using 
techniques of standard hyperbohc geometry as much as possible. 

In |Th2] ■ Thurston conjectured that any open hyperbohc 3-manifold N with 
finitely generated fundamental group is determined up to isometry by its end invari- 
ants. In the case that Tri{N) is a surface group, the conjecture is proved by Minsky 
[Mi2] and Brock, Canary and Minsky |BCM) . They also announced in |BCM| that 
the conjecture holds for all hyperbolic 3-manifolds N with tti (N) finitely generated. 

In this paper, we concentrate on the previous case that tti (N) is isomorphic to 
the fundamental group of a compact surface S. The original proof of the Ending 
Lamination Conjecture deeply depends on the theory of the curve complex devel- 
oped by Masur and Minsky }MMH IMM2j . Our aim here is to replace some of 
such arguments (especially those concerning hierarchies) by arguments of standard 
hyperbolic geometry. 

In [Mi2j , Minsky constructed the Lipschitz model manifold by using hierarchies in 
the following steps: (1) the definition of hierarchies, (2) the proof of the existence of 
a hierarchy Hi, associated to the end invariants ^' of a given hyperbolic 3-manifold, 
(3) the definition of slices of H^, (4) the proof of the existence of a resolution 
containing these slices, (5) the construction of the model manifold Af^ from the 
resolution which is realizable in S" x R. 

In Section [21 we define a hierarchy directly as an object in S* x R, so the steps 
(l)-(5) as above are accomplished at once. Lemma [2^ is a geometric version of an 
assertion of Theorem 4.7 (Structure of Sigma) in jMM2j, which plays an important 
role in our geometric proof of the bi-Lipschitz model theorem. 

Section [3] reviews Minsky's definition of the piecewise Riemannian metric on the 
model manifold. 

In the proof of the Lipschitz model theorem in |Mi2[ Section 10] , the hyperbolicity 
of the curve graph C{S) is crucial. This hyperbolicity is proved by |MM1| (see also 
[Bowl) ). The proof of this theorem also needs two key lemmas. One of them 
(Lemma 7.9 in jMi2| ) is called the Length Upper Bounds Lemma, which shows 
that vertices of tight geodesies in C{S) associated to the end invariants of N are 
realized by geodesic loops in N of length less than a uniform constant. Bowditch 
[Bow2j gives an alternative proof of this lemma by using more hyperbolic geometric 
techniques compared with Minsky's original proof. Soma [So] also gives a proof 
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based on arguments in [Bow2] . The proof in [So skips rather harder discussions in 
[Bow2| Sections 6 and 7] by fully relying on geometric limit arguments. The other 
key lemma (Lemma 10.1 in [Mi2') shows that any vertical solid torus in the model 
manifold of N with large meridian coefficient corresponds to a Marugulis tube in 
N with sufficiently short geodesic core. The original proof of this lemma is based 
on the ingenious estimations of meridian coefficients in }Mi2[ Section 9] . In Section 
|4j we will give a shorter geometric proof of it. 

Section [S] is the main part of this paper, where the bi-Lipschitz model theorem 
is proved by arguments of ourselves. 

Alternate approaches to the Ending Lamination Conjecture are given by |Bow3[ 
IBBES|, IRej . In |Bow3j , Bowditch proved the sesqui-Lipschitz model theorem with- 
out using hierarchies. Though the assertion of Bowditch's theorem is slightly weaker 
than that of the bi-Lipschitz model theorem, it is sufficient to prove the Ending 
Lamination Conjecture. Ideas in this paper are much inspired from the philosophy 
of [Bow3j ■ 

1. Preliminaries 

We refer to Thurston |Thl) , Benedetti and Petronio |BP] , Matsuzaki and Taniguchi 
[MT] , Marden |Ma| for details on hyperbolic geometry, and to Hempel [He for those 
on 3-manifold topology. Throughout this paper, all surfaces and 3-manifolds are 
assumed to be oriented. 

1.1. The curve graph and tight geodesies. Here we review some fundamental 
definitions and results on the curve graph. 

Let F be a connected (possibly closed) surface which has a hyperbolic metric of 
finite area such that each component of dF is a geodesic loop. The complexity of 
F is defined by £,{F) = 3g + p — 3, where g is the genus of F and p is the number 
of boundary components and punctures of F. 

When £,{F) > 2, we define the curve graph C{F) of F to be the simplicial graph 
whose vertices are homotopy classes of non-contractible and non-peripheral simple 
closed curves in F and whose edges are pairs of distinct vertices with disjoint 
representatives. We simply call a vertex of C{F) or any representative of the class 
a curve in F. For our convenience, we take a uniquely determined geodesic in F as 
a representative for any curve in F. The notion of curve graphs is introduced by 
Harvey [Harj and extended and modified versions are studied by |MMl[|MM21IMil| . 
In the case that £,{F) = 1, the curve graph C{F) is the 1-dimensional simplicial 
complex such that the vertices are curves in F and that two curves v,w form the 
end points of an edge if and only if they have the minimum geometric intersection 
number i{v,w), that is, i{v,w) = 1 when F is a one-holed torus and i(v,w) = 2 
when F is a four- holed sphere. In either case, C{F) is supposed to have an arcwise 
metric such that each edge is isometric to the unit interval [0, 1]. The graph C{F) 
is not locally finite but is proved to be J-hyperbolic by Masur and Minsky |MMlj 
(see also Bowditch |Bowl| ) for some 6 > 0. The set of vertices in C{F) is denoted 
by Co (F) . We say that the union of -I- 1 elements of Cq (F) with mutually disjoint 
representatives is a k-simplex in Co{F). 

Let A4£{F) be the space of compact measured laminations on IntF and UM.C{F) 
the quotient space of M.C{F) obtained by forgetting the measures, and let £C{F) 
be the subspace oiUA4C{F) consisting of filling laminations /x. Here p being filling 
means that, for any fj.' £ UM.C{F), either fj,' — fj. or /z' intersects /x non-trivially 
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and transversely. According to Klarreich |Klaj (see also Hamenstadt [Ham]), there 
exists a homeoniorphism k from the Gromov boundary dC{F) to £C{F) which is 
defined so that a sequence {vi} in Co{F) converges to /3 £ dC{F) if and only if it 
converges to k{(i) in UM.C{F). 

Definition 1.1. A sequence {wijig/ of simplices in Cq{F) is called a tight sequence 
if it satisfies one of the following conditions, where / is a finite or infinite interval 
of Z. 

(i) When ^(F) > 1, for any vertices Wi of Vi and Wj of Vj with i j, dc(F) {wi, Wj) = 
\i — j\. Moreover, if {i — 1, i, z + 1} C J, then Vi is represented by the union of 
components of dFl^-^ which are non-peripheral in F, where Fl^-^ is the min- 
imum subsurface in F with geodesic boundary and containing the geodesic 
representatives of all vertices of and Vi+i. 

(ii) When ^{F) ~ 1, {vi} is just a geodesic sequence in Co(-F). 

We regard that a single vertex is a tight sequence of length 0. The definition 
implies that, for any tight sequence {wi}, if a vertex w oiC{F) meets Vi transversely, 
then w meets at least one of and Wi+i transversely. 

The following theorem is Lemma 5.14 in [Mi2| (see also Theorem 1.2 in |Bow2j ) . 
which is crucial in the proof of the Ending Lamination Conjecture. 

Theorem 1.2. Let u,w be distinct points of Cq{F) U £C{F), there exists a tight 
sequence connecting u with w. 

Let i, t be unions of mutually disjoint curves in F and laminations in UA4C{F). 
Then a tight sequence g = in F is said to be a tight geodesic with the initial 

marking i{g) — i and the terminal marking t{g) ~ t if it satisfies the following 
conditions. 

• If io = inf / > — oo, then is a curve component of i, otherwise i consists 
of a single lamination component and i — limi_>_oo Vi G £C{F). 

• If Jo = sup / < cx), then Vj^ is a curve component of t, otherwise t consists 
of a single lamination component and t = \m\j^oo Vj G £C{F). 

Our rule in the definition is that, whenever an end of a tight geodesic is chosen, 
curve components have priority over lamination components if any. 

1.2. Setting on hyperbolic 3- manifolds. Throughout this paper, we suppose 
that is a compact connected surface (possibly dS — 0) with x(S') < and 
p : T^i{S) — > PSL2(C) is a faithful discrete representation which maps any element 
of TTi {S) represented by a component of dS to a parabolic element. For convenience, 
we fix a complete hyperbolic surface S containing S" as a compact core and such 
that each component P of 5 \ 5 is a parabolic cusp with length(9P) = ei. We 
denote the quotient hyperbolic 3-manifold H'^/p(7ri(S')) by Np (or N for short). 
By Bonahon |Bo| . N is homeomorphic to x R. Fix a 3-dimensional Margulis 
constant eg > 0. For any < e < eo, the (open) e-thin and (closed) e-thick parts 
of N are denoted by N^q^^^ and A^[£,oo) respectively. It is well known that there 
exists a constant ei > depending only on e and the topological type of S such 
that, for any pleated map / : S — > N, the image f{S{<Tf )[sg^ac)) is disjoint from 
^(o,ei)j where cr/ is the hyperbolic structure on S induced from that on N via /. 
If necessary retaking £i > 0, we may assume that each simple closed geodesic in S 
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is contained in S. The augmented core Cp of N is defined by 

= U A^(0,eo] I 

where is the closed 1-neighborhood of the convex core of N and A^(o,e] is the 
closure of -/V(o,e) in A^. The complement N \ IntCp is denoted by i?jv, which is 
considered to be a neighborhood of the union of geometrically finite relative ends 
of TV. 

The orientations of 5, N and a proper homotopy equivalence / : S — > N with 
7ri(/) = p determines the (+) and (— )-side ends of N. Let — h^J ■ ■ ■ U In be 
the disjoint union of simple closed geodesies in S corresponding to the parabolic 
cusps in the (+)-side end and let QF+ (resp. 52?+) be the set of components 
of S" \ corresponding to geometrically finite (resp. simply degenerate) relative 
ends in the (+)-side. For any Fi e QT+ (resp. Fj e 81)+), let ai € Teich(Fj) 
(resp. Xj € £C{Fi)) be the conformal structure on Fi at infinity (resp. the ending 
lamination on Fi), see |Thl[ IBo| for details on ending laminations. The family 
= {cTijAj} is called the (+)-side end invariant set of N. The (— )-side end 
invariant set V- is defined similarly. The pair v — {v-, v-^) is the end invariant set 
oiN. 

It is well known that there exists a constant L > depending only on the 
topological type of S such that, for any at G v+ with Fi e QJ^+, there exists a 
pants decomposition = si U • • • U s,„ on Fi such that lai{sk) < L, where lai{sk) 
is the length of the geodesic in F{ai) homotopic to s^. Then the imion 

(1.1) P+='7+u( U r,)u( U A,) 

is called a generalized pants decomposition on S associated to 1^+. A generalized 
pants decomposition p on S associated to is defined similarly. 

1.3. Annulus union and bricks. We suppose that R = {— oo} U RU {oo} is the 
two-point compactification of R. So R is homeomorphic to a closed interval in R. 
For any subset P of 5 x R, the image of P by the orthogonal projection to S (resp. 
R) is denoted by (resp. P^), that is, P^ = {x £ S ; {x,t) £ P for some t G R} 
and P^ = {t G R; {x,t) £ P for some x E S}. For any non-peripheral simple 
geodesic loop I in S and any closed interval J of R, A = Z x J is called a vertical 
annulus in 5 x R. For a connected open subsurface F of S with Fr(F) geodesic, 
the product B ^ F x J is called a brick in x R, where Fr(F) denotes the frontier 

Fn{S\F) of F in S. Set d^tB = Fr(F) x J, d-B = F x{M J}, d+B = F x{svLp J} 
(possibly inf J = — oo or sup J — oo) and di^^B — d^B U d+B. The surface d+B 
(resp. d-B) is called the positive (resp. negative) front of B. We say that a union 
A of mutually disjoint vertical annuli in S' x R which are locally finite in x R is 
an annulus union. A horizontal surface F oi {S x R, A) is a connected component 
of S' X {a} \ A for some a e R. In particular, Fr(F) C A and F^ is an open 
subsurface of S. A horizontal surface F is critical with respect to A if at least one 
component of Fr(P) is an edge of some component of A. Let B be the set of bricks 
in S X R which are maximal among bricks B with Int_B n .4 = and d^tB C A, 
see Fig. 11.11 (a). Note that, for any B £ B, B A \s a. disjoint union (possibly 
empty) of simple geodesic loops in dhzB. This fact is important in the definition of 
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hierarchies in Section[2j Each component of dhzB\A is a critical horizontal surface 
of {SxK,A). 
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Figure 1.1. (a) The union of vertical segments is A. 
shaded region represents W. 



(b) The 



For a vertical annulus A = I y. J , U — Int(i x J) is called a vertical solid torus 
(for short v. s. -torus) with the geodesic core A, where L be an equidistant regular 
neighborhood of I in S. Then i x J is the closure U of U in S x R. We set 
dU = dU for simplicity. A simple loop in dU is a longitude of U if it is isotopic 
in dU to a component of dA. A meridian of dU is a simple loop in dU which is 
non-contractible in dU but contractible in U . For any annulus union in x R, 
there exists a disjoint union V of v. s. -tori the union of whose geodesic cores is equal 
to A. Then V is called a v. s. -torus union with the geodesic core A. In general, 
the union V* of the closures of components of V is not equal to the closure V of V 
in S* X R. A horizontal surface of (5* x R, V) is a compact connected surface F in 
S X {a} for some a e R with IntF n V* = and dF C V*. The horizontal surface 
is critical if it is contained in a critical horizontal surface of {S x R, ^). For any 
S e 6, the closure B of S \ V in S* x R is a hrick of (5 x R, V). Note that B is 
a compact subset of S* x R. The brick decomposition B of (5 x R, V) is the set of 
bricks of (5* x R, V). Then the union W — [JB satisfies 



5 X R\ V c C 5 X R\ V, 

see Fig. Il.ll fb). When B € B is contained in B & B, set 9hzB 
9±B = d±B n B and let (?vtB be the closure of 9B \ c^hzB in 9B. 



dh.B n B, 



1.4. Geometric limits and bounded geometry. We say that a sequence {(iVn, 2;„)} 
of hyperbolic 3-nianifolds with base points converges geometrically to a hyperbolic 
3- manifold {Noo,Xoo) with base point if there exist monotone decreasing and in- 
creasing sequences {K„}, {Rn} with linin^^ = 1, lim„_j.oo i?„ — oo and A'„- 
bi-Lipschitz maps 

gn ■ J^R^ {Xn , Nn ) > 7Vfl„ (Xoo , A^oo ) , 
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where AfR{x,N) denotes the closed /^-neighborhood of x in N. It is weh known 
that, if infjinj^^ (x„)} > 0, then {(-/V„,a;„)} has a geometricahy convergent subse- 
quence, for example see |JM1 IBP] . If we take a Margulis constant e > sufficiently 
small, then one can choose the bi-Lipschitz maps so that gn{J^Rn i^n, Nn)[^^oo)) = 
J^R,Axoo,N^)[e,oo), where A/'fl(x,iV)[£_oo) = J^r{x, N) n N[^^^y 

In general, the topological type of the limit manifold A^oo is very complicated, for 
example see |OSj . In spite of the fact, by observing situations in geometric limits, 
we often know the existence of useful uniform constants. We will give here typical 
examples. 

Example 1.3. Let F be a connected compact surface and TV a hyperbolic 3- 
manifolds as in Subsection 11.21 Suppose that Teich^ (F) is the Teichmiiller space 
such that, for any <t e Teich(F), F{a) represents a hyperbolic structure on F each 
boundary component of which is a geodesic loop of length e. Let fi : F{ai) — > 
^[s,oo) {i = Oj 1) be ii'-Lipschitz maps properly homotopic to each other in A^[e,oo)5 
where K >l and Oi G Teiche(i^) (i = 0, 1). For the homotopy H : F x [Q^l] — !• 
-^[£,00) and a point x € F, the image H{{x} x [0,1]) is said to be a homotopy 
arc connecting fo{F) and fi{F). Here we will show by invoking a geometric limit 
argument that there exists a constant do > depending only on e,di,K and the 
topological type of S such that, if there exists a homotopy arc connecting fo{F) 
with fi{F) of length at most di, then distToichE(F)(o'0: fi) < do. 

Suppose contrarily that there would exist a sequence of pairs of homotopy equiv- 
alence X-Lipschitz maps fi^n '■ FijTi^n) — > -^n[e,oo) with homotopy arcs a„ connect- 
ing fo,n{F) with of length < di and distTeiche(-F) (o'o.n, cri,„) > n, where iV„ 
are hyperbolic 3-manifolds as in Subsection II. 21 Since the e/i^T-thin part of i^((Ti.„) 
is empty, there exists a X'-bi-Lipschitz map 7i^„ : F(ao) — > F{cji^n) for some fixed 
ao S Teiche(i^), where K' is a constant depending only on e, K and S. We note 
that 7i^„ does not necessarily preserve the marking on F . Let Qn be the union of 
bounded components of Nn[e^oo)\fo,n{F)Ufi^n{F) and _R„ a small regular neighbor- 
hood of fo,n{F) U /i,n(F) in iV„[£ 00). Then J„ = _R„ U (3„ is a compact connected 
subset of iV„[e.oo)- By |FHS| . we know that /o,„ is properly homotopic to /i^„ in 
J„. If we take a base point x„ of iV„ in J„, then {{Nn, Xn)} has a subsequence, still 
denoted by {Nn}^ converges geometrically to a hyperbolic 3-manifold (A^oo, a^cx>)- 
Thus we have Xn-bi-Lipschitz maps g„ : Mr^ {xn, Nn) — > J^r„ (xqo, Noo) as above. 

For any point y € J„ with distAr^[e_oo)(2/, /o,n(-F) U fi,n{F)) > 1, we have a 
pleated map g : S — >■ iV„ such that there exists a component L of g{S) D Nj^^^^^o) 
meeting the 1-neighborhood of x in N^^^^^y It is not hard to see that L meets 
fo,n{F)Uan U fi^n{F) non-trivially and the diameter of L is bounded by a constant 
depending only on e, S. Thus the diameter of J„ is less than a constant i? > 
depending only on e, di,K,S and hence J„ is contained in AfR^ {xn, Nn)[e, 00) for all 
sufficiently large n. 

By the Ascoli-Arzela Theorem, if necessarily passing to subsequences, one can 
show that V'i,n = gn° fi.n ° ^t.n ■ F{(7o) — > A^oo[£,cx,) (« = 0, 1) couverge uniformly 
to Xi^T'-Lipschitz maps ipi : F{aQ) — > A^oo[e.oo)- Since V'i,n (* = 0, 1) is properly 
homotopic to for all sufficiently large n and /o,n o 79 „ is properly homotopic 
to /i.n ° 7i,n in Jn up to marking, there exists a diffeomorphism (hence a if "-bi- 
Lipschitz map for some K" > 1) a : F{<7q) — y F{ao) such that (po is properly 
homotopic to (/^i o a in a small compact neighborhood of gn{Jn) in -^oo[e,oo)- This 
implies that, for any non-contractible simple closed curve / in F, 7o,n(0 is homotopic 
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to 7i,„ o a{l) in F. Thus 71, „ o a o 7^^^ : F{ao,n) — > F{ai,n) is a marking- 
preserving i^'^if'-bi-Lipschitz map for all sufficiently large n, which contradicts 
that distxeiche(F)(o'o,n, cn.ri) > n. This shows that the existence of our desired 
uniform constant do- 

Example 1.4. We work in the situation as in the previous example and suppose 
moreover that there exists a constant ^2 > with distAr^^^ ^){fo,n{F), fi,n{F)) > d2 
for all n and each /i^„ is properly homotopic in Nni^^oo) to an embedding. By |FHS) . 
one can suppose that such an embedding is contained in an arbitrarily small regular 
neighborhood of fi.n{F) in -/V„[£ and the image of the homotopy is in given 
as above. Then Lpi : F — > ^oo[£,oo) = Oi 1) are also homotopic to embeddings (/j^ 
contained in an arbitrarily small regular neighborhood of (pi{F) in N^^^^^j and the 
image of the homotopy is in 5„( J„) for a sufficiently large n. By the standard theory 
of 3-manifold topology (for example see |Wai IHej ). the union ip'q{F)U(p'i{F) bounds 
a submanifold B of A^oo[e,oo) contained in (7„(J„) and homeomorphic to x [0, 1]. 
Then, for all sufficiently large n, Bn = g~^(B) is the submanifold of Nn[e,Qo) such 
that Fr(i?„) consists of two components Fi_n {i — 0, 1) properly homotopic to 
fi,n{F) in J„. Since the composition g"^ o gn\Bn defines a marking-preserving 
iiTm _ftr„-bi-Lipschitz map from i?„ to Bm and since Imim^n^oo K^Kn = 1, we know 
that -B„'s have the geometry uniformly bounded by constants depending only on 
e,di,d2 and the topological type of S. 

Remark 1.5. Deform the metric on iV„[e,oo) in a small collar neighborhood of 
9Nn[e,oo} SO that dNn[£^oo) is locally convex but the sectional curvature of Nn[e.oo) 
is still pinched. We here consider the case that /i_„ : F{ai) — > A^„[e,oo) (* = 0, 1) 
are embeddings which have the least area among all maps homotopic to without 
moving fi,n\dF(ai) ^-nd such that Area(_F(ai)) is bounded by a constant independent 
of n. Then the limits (pi : F — > -^cxjfe.cx)) are least area maps (see jHSi Lemma 
3.3]), and hence by [FHS] they are also embeddings. Thus, in Example ll.4l one can 
suppose that ip'^ = (pi and hence the frontier of the manifold B is ipo{F) U (pi{F). 

2. Three-dimensional approach to hierarchies 

We study hierarchies in the curve graph C{S) introduced by |MM2) . We realize 
them as families of annulus unions in 5 x R, the original idea of which is due to 
jBow3[ Section 4]. 

2.1. Hierarchies. Let = (P-:P+) be the pair of generalized pants decomposi- 
tions on S given in Subsection 11.21 We denote by Bq and Bq the single element set 
{S X R}. Consider a tight geodesic go — {wi}ie/ with 2(50) = P and t{go) = p^, 
where / is an interval in Z. In this section, we always assume that, for any disjoint 
union v of simple geodesic loop li, . . . ,lk in S, A{v) represents a union of vertical 
annuh (i = 1, . . . , fc) in §x R with Af = k and Af- = Af for ah i, j G {1, . . . , k}. 
Thus A{v) is determined uniquely from v and A{v)^. 

Suppose that ^(S*) > 1 and p_, are in 5 x {—00} and S x {00} respectively. 
When i £ I is not cither inf(/) or sup(/), A{vi) is defined to be the union of 
vertical annuli in 5 x R with A{vi)^ = + 1]. When i — sup/ < 00 (resp. 
i = ini I > —00), let A{vi)^ = [i,oo] (resp. A{vi)^ — [— oo,i + 1]). We say that 
^(fl'o) = [J^i=oA{vi) is the annulus union determined from the tight geodesic go. 
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Let Bi be the brick decomposition of {S x Il,A{go)). An element B E Bi is said 
to be connectable if both d±B n Ao are not empty, where Aq = .4(50) U p U p^. 
Let Bi be the subset of Bi consisting of connectable bricks B with £,{B) > 1, where 
= C(S^). If 6nax(Si) = max{^(B);B G 61} > 1, then any B e Bi with 
^(S) = Cmax('Bi) is an element of I3i. 

For any B £ Bi, consider a tight geodesic 55 in B'^ with = n y^o)'^ 

and t{gB) = One can define the annulus union Ab of vertical annuli 

in B determined from gB as above. In particular, Ab consists of vertical annuli with 
the same width unless the length of gB is finite and B^ n {—00, 00} 7^ 0. Note that 
is a single annulus when the initial vertex of gB is equal to the terminal vertex 
of gB- Set A = A U (Usgsi -^^)' = d-BnAo and t{AB) = d+BnAo- 

Repeating the same argument at most £,{S) — 1 times, say k times, one can show 
that each element B of the set Bk of bricks of {S x R, ^fc_i) has £,{B) = 1. Since 
Cmax(Sfe) = 1, each B & Bk is connectable. We set then Bk = Bk- Let gB ~ {wi} be 
a tight geodesic in B^ with 1(53) = (d-B n Ak-i)^ and t{gB) = (d+B n A-i)'^- 
Since fl Wi+i 7^ 0, we need to add a buffer brick between A{wi) and 
to make them mutually disjoint. Suppose that B^ — [a,b]- If a 7^ —00 and 
b ^ 00 and gB ~ {wo,wi, - - - ,Wm), then A{wi)^ = [a + 2iT,a + {2i + 1)t] for 
i = 0, 1, . . . , m, where r = (6-a)/(2m+l). Note that -B-^ x [a+(2i+l)r, a+(2i+2)T] 
is the buffer brick between A{'Wi) and A{wi+i)- If a 7^ —00 and b = 00 and 
gB — (wq, wi, - . - , Wm), then A{wi)^ = [a + 2i, a + 2« + 1] for i = 0, 1, . . . , m — 1 
and A{w„i)^ — [a + 2m, 00]. If o 7^ —00 and 6 = 00 and gB = {wq, wi, . . . ), then 
A{wi)^ = [a + 2i,a + 2i + 1] for all i. In the case that a = —00, A{wi) for t«i e 
is defined similarly. As above, let Ab = UwiEgB ^(^«)' ^(-^-b) = 9-B n .4fc_i and 
t{AB) = d+BnAk^i- 

When B G Bj, we say that the level of -B is j and denote it by level(i?). The 
set Hi, of all tight geodesies appeared in this construction is called a hierarchy 
associated to the pair = {p_,p^) of generalized pants decompositions and 

Ah., = Ak-i U ( U Ab) 
BeBk 

is the annulus union determined by H^,. Note that the set Hi, is not necessarily 
defined from p^ uniquely. 

For any B £ Bj, a. maximal brick C in S with IntCn.4B = and dvtC C Ab is 
called a subbrick of B. From our construction, for any B e Bj with < j < k, there 
exists either a brick B' E Bj-i with d+B' — d+B or a subbrick C of some element 
of Bj^i with = d+B. In the former case, B' is not in Bj^i, otherwise B would 
be split by Ab' C Aj-i- Repeating the same argument, we have eventually a brick 
Bq G Bjg for some jo < j which contains a subbrick C with d+C = d+B. Then we 
say that B is directly forward subordinate to Bq and denote it by -B \^ i3o- The 
directly backward subordinate Bq'I/ B is defined similarly, see Fig. 12. II It is possible 
that B is directly forward and backward to the same brick Bo, i.e. Bq i/ B ^ Bq- 

Since only horizontal surfaces of {S x R, y^i) contained in IntS for some B E Bi+i 
are split by Ai+i, any critical horizontal surface of {S x R, is still a (possibly 
non-critical) horizontal surface of {S x R, ^i+i). The relation B Bq for B E Bj 
and Bq E Bjg implies that, for any i with jo < i < j , d+B is the positive front of 
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X2 




yp-2 



Figure 2.1. Let — {. . . , Vj-i, Vj, Wj+i, . . . ) be a tight geodesic 
in the closed surface S of genus 2. Let Ba G I3i (a = j ± 1) be 
the element with 9vt^a = ^(fo)- Let Bji,Bj2 be the elements 
of Bi whose vertical boundaries are A{vj) and such that Bj^i is 
connectable but Bj^2 is not. {vj = xq, xi, 2:2, . . . ) is a tight geodesic 
in B^_^_^ and (. . . , 2/p_i, ?/p_i, j/p = Vj) is a tight geodesic in Bf_^. 
The shaded region represents an element B — Cj_i U Bj 2 U Cj+i 
of S2 with Bj^i i;/ B ^ ^j+i- In fact, we have = 9+Cj+i 
and d-B = d-Cj-i, where Ca {a = j zt 1) is the subbrick of Ba as 
illustrated in the figure. 

some element Bi oiBi. Since G = d+B\Ajg is a union of critical horizontal surfaces 
of {S X 'R.,Ajg), each component F of G is a horizontal surface of {S x 'R.,Aj„+i). 
Since moreover F C (9+-Bjp+2, is critical with respect to Aj^+i- Repeating the 
same argument, one can show that is a critical horizontal surface of (Sx R, Aj-i). 
It follows that G = d+B \ Aj-i = d+B \ tiAs) and hence tiAs) = d+B n Aj„. 

2.2. Single brick occupation. Let Aq, . . . , Ak-i, Ah„ be the annulus unions and 
Bq, . . . ,Bk the brick decompositions given in Subsection 12. II 

Lemma 2.1. Any two components of Ah^, olte not parallel m 5 x R. 

Proof. Suppose that Ah^ contains distinct mutually parallel components A, A'. 
When more than one elements are parallel to A, we may assume that A' is closest 
to A among them and max^^ < minA'^. Let B (resp. B') be the element of 
Bk with d+A C IntS (resp. d-A' C IntS'). Since any two components of Ab 
are not mutually parallel, Int_B H IntB' is empty. Consider a pair of two directly 
subordinate sequences 

/O -1 \ Tj \d D \d \d D T^' d / d/ n/ d/ ril 

{l.l) ^0 \ ^1 \ ■■■ \ i>m+l, i>„+i 1/ ••• 1/ i'l 1/ ^0 

satisfying the following conditions, 
(i) Bo = B, B'q = B', and IntB^ n IntS^- = for any < i < m and < j < n. 
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(ii) The pair (|2.1|) has the minimum max{level(i?m+i), level(_B'j^]^)} among ah 
pairs of subordinate sequences satisfying the condition (i) . 
Note that any Bi and B'j meet the vertical annulus Aq with O-Aq = d-A and 
d+Ao — d+A' non-trivially 

First, we will show that B„i+i = S^j+i- For the symmetricity, we may assume 
that level(i3m+i) < ^^^'^K^n+i)- Take the entry Bi in the the directly forward 
subordinate sequence with 

level(B,+i) < level(B;+i) < level(BO. 

Then there exists an element oi D E Ba with D\ d-D D d+Bi, where a — 
level(B;+i). Then, in particular, (d+B,,)^ < (d+D)^. Suppose that D ^ B^+j. 
Since A penetrates both D and this implies {d+D)^ < {d^B'^_^i)^. If 

D £ Ba, then Bi \^ D and hence D = B,+i. Since then IntSj+i n IntB^^^^ = 0, 

i>0 \ i^l \ ••• \ t^i+l \ i3i+2, £^,1+2 ■■■ vf vf -Do 

is a sequence satisfying the condition (i) and max{level(i3i+2), level(i?^_|_2)} < a. If 
D G Ba \ Ba, then D ^ Bi+i and hence level(i?i4.i) < a. Thus 

is a sequence satisfying the condition (i) and max{level(-Bi+i), level(i?^_|_2)} < a. In 
either case, this contradicts the minimality condition (ii). It follows that D ~ B'^_^^. 

Since this implies D g Ba, Si+i — D. Thus we have i = m and Bm+i — B'^_^i ~ D. 

For short, set D'^ = F, A^ = I, v = Fr(5+B„,), w = FT{d^B'J and let 
be the component of t{ABm) such that is the terminal vertex of gsm- Since 
Ao n (Fr(9+B„) U Fr(9_B5) = 0, 

dc{F) (w^, w^) < dc(F) {v^, I) + dc(F) {I, w^) = 2. 

Suppose first that iw^) = 2 and consider the union J of components of 

Aigo) with {d-J)^ = and {d+J)^ = w^, see Fig.O Since Z n (w'^ n u;'^) = 0, 



D 



J 

f m ^ 



wn- 



B\ 



A' 



W9- 



vertical direction 



Figure 2.2. The case of dc{F){v^ = 2. 



the tightness oi go implies either I C or I O — 9. However, the former does 
not occur since A and A' are a closest pair. So, we have Aq Ci tm = 0. When 
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dc(F){v^ ,w^) — 1, either tm n d-B'^ = or C w holds. This also implies 
Aq n Un = 0. 

Repeating the same argument for Bm-i, Bm-2, ■ ■ ■ , Bq — B, one can show that 
Aq n to = 0. This contradicts that the surface d+B with ^{d+B) — 1 can not 
contain mutually disjoint two curves. Thus any two components of Ah^ are not 
parallel to each other. □ 

The following lemma is a geometric version of the fourth assertion of Theorem 
4.7 (Structure of Sigma) in |MM2] . 

Lemma 2.2. Suppose that B,B' are elements of Ba and Bb respectively. If B^ — 
B'^ , then B = B' . 

Proof. We suppose that B ^ B' and induce a contradiction. 

Since any two elements of Ba have mutually disjoint interiors, if IntSnlnti?' ^ 0, 
then a ^ b, say a < b. The assumption B G Ba implies Ab C Aa C Ab-i- Since 
^ QiS^ Int-Bnint-B' ^ implies Int-B'ny^s ^ 0- This contradicts the fact that 
IntS' n Ab-iO IniB' n Ab) is empty. Thus we have IntB n IntB' = 0. 

Now, we consider a sequence 

as in the proof of Lemma 12.11 Let E be the brick in S* x R with d-E = d-B and 
d+E = d+B'. We set E^ = H and Hj = E Ci d+Bj. Since H C d+B^, f] d-B^_^, 
the smallest surface F' in = with geodesic boundary and containing F \ 
Int{d+B^ n 9--Bf_ J is disjoint fr om IntH. Since gjj is a tight geodesic in F, 
the terminal vertex of with tm C is contained in F' and hence 

IntHm n <m = 0- Repeating the same argument for Bm-i, . ■ . ,Bo = B, one can 
show that Int(9+i3o) = Inti?o is disjoint from tg. This contradicts that Bq is a 
connectable brick with Bq \^ Bi. Thus we have B = B' . □ 

Let B be an element of Bi. If B is not connectable, then Inti? n .4^ = 0. Thus 
there exists a C € Bi+i with C D B and = B^ (possibly B = C). Repeating the 
same argument if C is not connectable, we have eventually a unique element of 
Bj with j > i, B^ D B and i?^"^ = _B"^, which is called the expanding connectable 
brick of B. For example, Cj-i U Bj^2 U Cj+i e S2 in Fig. 12.11 is the expanding 
connectable brick of Bj^2 € Bi. 

The following lemma suggests that a large part of any longer brick Q in S" x R 
with 9vtQ C Ah^ is occupied by a single brick in Ba for some a. 

Lemma 2.3 (Single brick occupation). There exists an integer uq depending only 
on £,{S) such that, for any brick Q in S xR with ^(Q) > 1 and d^tQ C Ah^, there 
is a set Bq = {Bi, . . . , _B„} of bricks in Q with d^tBi C Ah^ and satisfying the 
following conditions. 

(i) 71 < 710 and \JBq = Bi U • • • U B„ D Q. 

(ii) For at most one of the elements of Bq, say Bi, there exists a brick C in Ba 
with = and C Ci Q = Bi for some a. For all other bricks Bi of Bq, 
dvtBi n IntQ is non-empty. 

We note that Bi are not necessarily elements oi Ba (a = 0, . . . , fc). 
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Proof. When 5, the pair C ^ S x H e Bo and Bq = {Q} satisfy the 

conditions (i) and (ii). So we may assume that Q^' ^ S or equivalently d^tQ 7^ 0- 
In particular, ^(5) > 1. Recall that, for each entry Vi of the tight geodesic go = {vi} 
in S, A{vi) is contained in Ah^- Since dvtQ C Ah^, A{vi)^ n IntQ^ ^ means 
that d^^g^{wi,x) < 1 for any vertices Wi of Vi and any component x of d^tQ^ ■ 
It follows that A{vi)^ n IntQ^ 7^ for at most three succeeding entries Vi of go. 
Thus the brick decomposition of (Q, ^0 H Q) consists of at most —^xiQ^) subbricks 
Ci, . . . , C™ of Q. Let b'^^ be the set of d with avtQ n IntQ 7^ 0. For any not 
in there exists a unique of Bi with DiOQ D d. Let Sq'' be the set of Ci 
with Df = Q^. 

Suppose that d is not in Bq^ U iJg^ Then is a proper subsurface of Df 
and IntDj n 9vt Q is not empty. We repeat the argument as above for {D^ , D Q) 
instead of {S x R, Q), where is the expanding connectable brick of Di. Then we 
have the sets ^^v^q and B^^I^q of bricks in n Q as above. Since 1 < £,{D'/) < 
£,{S), this repetition finishes at most £,{S) — £^{Q) times. Eventually we have at most 
(-3x(Q^))«(^^"^^'^^ bricks B'- in Q with [jj^ ^ <3> ^vt^j C Ah^ such that either 
dvtBj nintQ ^ or there exists an element G Ba for some a with D B'^ and 
D^j^ = Q^. By Lemma [2?2l all appeared in the latter case are the same brick 
C. The set Bq consisting of all B'^ in the former case and QC\C (if the latter case 

occurs) satisfies the conditions (i) and (ii) by setting no = {—'ixiS))^'^^^^^. □ 

3. The model manifold 

We will define the model manifold and a piecewise Riemannian metric on it as 
in |Mi2| Section 8]. 

A constant c is said to be uniform if c depends only on the topological type of 5* 
and previously determined uniform constants, and independent of the end invariants 
V = [v^^v-^-). Throughout the remainder of this paper, for a given constant fc, a 
uniform constant c(fc) means that it depends only on previously determined uniform 
constants and k. 

3.1. Metric on the brick union. Let A = Ah„ be the annulus union associated 
to Hi, given in Section [2] and V a v. s. -torus union with the geodesic core A. Let 
B be the brick decomposition of {S x R, V) and let = IJ B. Recall that for 
any B & B, £,{B) = £,{B^) is either zero or one. Suppose that So, 3 is a hyperbolic 
three-holed sphere such that each component of d'Eo.3 is a geodesic loop of length 
Si, where £1 is the constant given in Subsection ll.2l Let i?o,3 be the product metric 
space Eo,3 x [0, 1]. Let Eo,4 be a four-holed sphere which has two essential simple 
closed curves lo,h with the geometric intersection number i(^o,^i) = 2, and let 
Boa = ^0,4 ^ [0, 1] topologically. Let Ai {i — 0, 1) be a regular neighborhood of 
li X {i} in Eo,4 x {i}. Suppose that i3o,4 has a piecewise Riemannian metric such 
that each component of Eo,4 x {i}\IntAi is isometric to the hyperbolic surface Eo,3, 
each component of AoLlAiUd^tB is isometric to the product annulus S^{ei) x [0, 1] 
and distBo^(i9_i?o,4, 9+Bo,4) = 1, where S^{ei) is a round circle in the Euclidean 
plane of circumference ei. Let Ei,i be a fixed one-holed torus with geodesic 
boundary of length ei and essential simple closed curves Zo,^i with i{lo,h) = 1- 
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Then a piecewise Riemannian metric on Bi^i ~ x [0, 1] is defined similarly. We 
note that these metrics are independent of v. 

For any element _B e S of type e {(0, 3), (0, 4), (1, 1)}, consider a diffeo- 

morphism hs ■ Bij — > B such that hsidvtBi j) — dvtB and moreover hBiA±) = 
d±B n U when £,{B) = 1, where A_ = Aq and ~ Ai. One can choose 
these homeomorphisms so that, for any B,B' in B with F = d+B n d-B' ^ 0, 
(^B|?i-i(i7')) ° (^B'lf")"^ is an isometry. Then W has the piecewise Riemannian 
metric induced from those on -Bo. 3, -Bo. 4, Si.i via embeddings Kb '■ B — > W. Since 
any automorphism rj : Eo^s — >■ So. 3 is isotopic to a unique isometry, the metric on 
W is uniquely determined up to ambient isotopy. 

3.2. Construction of the model manifold. We extend W to the manifold -/l/y[0] 
with piecewise Riemannian metric as in Mi2j Subsections 3.4 and 8.3]. For any 
subset C of S, we set C x {oo} = C^+> and C x {-oo} = C^->. 

Let Vp.c. (resp. Vg.f.) be the union of components U oi V such that the closure 
J7 in 5* X R contains a component of q[_ ^ U (resp. ^ U r^^), where r± = 
U-FiGSJ^i denote the complement V \ (Vp.c. U Vg.t.) by Vint., then V is 

represented by the disjoint union 

V = Vint. U Vg.f. U Vp.c.. 

For any Fi in GT+ (resp. in QT^), we suppose that F,; = fI~^^ (resp. Fi = -F/""^) 
and denote the closure of (Fin5'{=^>)\Vp.c. in 5'^=^^ by -F/, see Fig.[3l](a). Thus F^ is 
a compact surface obtained from Fi by deleting the parabolic cusp components. For 
the conformal structure ui G Tcich(-F'j) at infinity given in Subsection 11.21 consider 
the conformal rescaling of ai S Teich(-Fi) such that Ti/ai is a continuous map 
which is equal to 1 on Fi(o'i)[£j^.oo) and each component of Fi(o'i)(o.Ei] is a Euclidean 
cylinder with respect to the Ti-metric. There exists a piecewise Riemannian metric 
Vi on Fi such that -F/(wi)(o.£i] i^ equal to -F/ nWg.f., each component of -F'/(wi)(o,ei] 
is isometric to a Euclidean cylinder S^{ei) x [0, n] with n S N, and each component 
of F[{vi) \ IntF/(ui)(o_ej] is isometric to So,3. It is not hard to choose such a metric 
Vi so that the identity Fl{Ti) — > Fl{vi) is uniformly bi-Lipschitz. Note that our 
Vi corresponds to the metric cr™' given in [Mi2l Subsection 8.3]. Endow the union 
Ri — Fl X [— 1, 0] U dFl X [0, oo) with a piecewise Riemannian metric such that (i) 
F- X {—1} is equal to F-{vi), (ii) -F"/ x {0} U dF^ x [0, oo) is isometric Fi{Ti) via an 
isometry whose restriction on F/ is the identity, (iii) dF^ x [—1,0] is a Euclidean 
cylinder of width 1 and (iv) the identity from F^ x [—1,0] to the product metric 
space Fl{vi) x [—1,0] is uniformly bi-Lipschitz. We call that the metric space Ri 
is a boundary brick associated to Ui G Tcich(-F'i) for Fi G QF+. A boundary brick 
associated to aj G Teich(Fj) for Fj G GF- is defined similarly. Then Afy[0] is the 
metric space obtained by attaching Ri to W for any Fi G G^a ifl, = ±) by the 
isometry [daBi U • • • USq-B^) x {—1} — > daBi U • • -UdaBm isotopic to the identity, 
where -Bi, . . . , Bm are the elements of B meeting F[ non-trivially, see Fig. I3.1l fb). 

Extend furthermore Mi/[0] by attaching the spaces Fi x [0,oo) with metric 
ds^ = ne^'' + dr^ (r G [0,oo)) for Fi G GTa (a = ±) to M^[0] by identifying 
Fi X {0} with the 'outer boundary' -F/ x {0} U (9-F/ x [0, oo) of Ri. We set the 
extended manifold AU[0] U E^, by ME^[0], where E^ = U-F,GeJ^+uej^_ ^ [0, oo). 
From our construction, we can re-embed MEi,[0] to S' x R so that there exists 
a homeomorphism rj : V — > 5 x R \ AIEi, [0] C S* x R isotopic to the inclusion 
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Figure 3.1. (a) Each white rectangle labeled with 'p.c' (resp. 
'g.f.') represents a component of Vp.c. (resp. Vg.f.). The shaded 
regions in (a)-(d) represent W, Mu[0], ME^[0] and M^, respectively. 



V C 5 X R and such that, for any component J7 of V \ Vg.f., ri\u is the identity, see 
Fig.[3?T](c). We denote 77(Vint.) by Z^i„t., vi'^g.t.) by Wg.f. and 7j{Vp.c.)iiU^§^g^ by Wp.c. 
respectively, where ^(5^5) = S*) x R. Then the complement U = S x Ii\MEi,[0] 
is represented by the disjoint union 

(3.1) U ^Uint.UUg.f.UUp.c.. 

For any component U of U, the frontier dU of C/ in 5* x R is a torus if J7 C U\Up.c., 
otherwise dU is an open annulus. We set here 

AU = M^[0] U U and ME,, = U (= 5 x R). 

3.3. Meridian coefRcients. Let U = U{v) denote the component oiU\ l^(g\g-^ 
such that ri^^{U) C V is a v. s. -torus with geodesic core A{v). From our construction 
of the metric on AI^ [0] , any component dU {v) is a Euclidean cylinder which has 
the foliation Tu = J-v consisting of geodesic longitudes of length £\. For any 
complex number z with Im(z) > and ry > 0, we denote the quotient map C — >■ 
C/77(Z + 0Z) by T^z,r\- If [/ C U\Up.c., then we have a unique a; G C with Im(a;) > 
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such that there exists an orientation-preserving isometry from the quotient space 
C/ei(Z + wZ) to dU which maps 7ru,,ej(R) (resp. Tr^j^ej (ojR)) to a longitude (resp. 
a meridian) of U. We denote the uj by ujm{U) or uim{v) and call it the meridian 
coefficient of dU . HUG Up.c, then we define ujm{U) = \/—l(X). Note that 
eilm{LL!M{U)) is a positive integer whenever U C U \ Up,c.- In fact, the brick 
decomposition 3 induces the decomposition on dU consisting of two horizontal 
annuli with integer width and £iIm(wM(C^)) — 2 vertical annuli of width one. 

For any integer fc > 0, consider the union U[k] of components U of U with 
\ujm{U)\ > k and 

[k] = AU [0] yj{U\U[k]) and ME^ [k] = KU [k] U . 

Thus = M^[k] \JU[k] and ME^ = ME^[k] \JU[k]. We suppose that each 
component U ollA\lA[k] has a Riemannian metric extending the Euclidean metric 
on dU and isometric to a hyperbolic tube with geodesic core. These metrics define 
piecewise Riemannian metrics on [k] and MEjj [fc] . 

4. The Lipschitz model theorem 

The Lipschitz Model Theorem given in |Mi2j is a homotopy equivalence map 
from Ml, to the augmented core Cp of Np such that the restriction to M^[fc] is a 
-ftT-Lipschitz map for some uniform constant K independent of p. The following 
is the precise statement. 

Theorem 4.1 (Lipschitz Model Theorem). There exists a degree-one, homotopy 
equivalence map f : M^, — > Cp with 7ri(/) = p and satisfying the following condi- 
tions, where K > 1, fc G N are constants independent of v, p. 

(i) The image T[fc] = f{lA[k]) is a union of components of Np(^Q^g-^^ with T[k] D 
Np{o.e2) f'^^ some uniform constant < £2 < ei o,nd the restriction f\u[k] ■ 
U[k] — > T[k] defines a bijection between the components ofhl[k] and T[k]. 

(ii) f{Mi,[k]) — Cp[k] and the restriction /|M,4fe] ■ M^[k] — > Cp[k] is a K- 
Lipschitz map, where Cp[k] = Cp\ T[k]. 

(iii) The restriction f\dM^ ■ dM^ — > dCp is a K-bi-Lipschitz homeomorphism 
which can be extended to a K-bi-Lipschitz map f : Ei, — > En and moreover 
to a conformal map from dooME^ to dooNp. (Moreover, one can construct 
the map f so that, for any boundary brick Ri, f\ji. : Ri — > f{Ri) is K-bi- 
Lipschitz and f^^ifiRi)) — Ri-) 

The proof starts with the restriction fo '■ M^ — > Np of a marking-preserving 
homeomorphism S" x R — s- Np. Minsky's proof needs the following two lemmas 
which correspond to Lemmas 7.9 and 10.1 in }Mi2j respectively. 

Lemma 4.2 (Length Upper Bounds). There exists a uniform constant do such 
that, for any vertex v appeared in H^, lp{v) < do- 

Recall that H^, is the hierarchy defined in Section [S] For any curve c in M^, 
lp{c) denotes the length of the geodesic in Np freely homotopic to /o(c) if any and 
otherwise lp{c) = 0. We also define lp{v) — lp{c) for a curve v vn S with v — c^ . As 
was stated in Introduction, an alternative proof of Lemma 14.21 is given by [Bow2j , 
see also |Soj where this lemma is proved by full geometric limit arguments along 
ideas in [Bow2| . 
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The other key lemma for the Lipschitz Model Theorem is replaced by the fol- 
lowing lemma. We will give a shorter proof of it. 

Lemma 4.3. Suppose that e is any positive number and there exists a constant 
L > with lp{c) < Llength^^^ [Q] (c) for any rectifiable curve c in M^[0]. Then, there 
exists a constant di depending only on e,£i,L such that, for any component U{v) 
of Li with |wm(w)| > di, lp{v) < e. 

Proof. Let A be the geodesic loop in Np freely homotopic to fo{v). Suppose that 
lp{v) > e. If £iIm(ajM(w)) > n, then there exist at least n mutually non-homotopic 
pleated maps pj : F{aj) — > Np such that each pjidF) contains A , where F 
is a compact 3-holed sphere. Since lp{v) — length^^(A) > e, all Pj{F{aj)[s^ao)) 
are contained in a uniformly bounded neighborhood of A in iVp[e^oo)- From this 
boundedness, we know that Im(w7\/(?;)) is bounded by a constant d depending only 
on e and £i. 

Set U{v) = U and let m be the shortest geodesic in dU among all geodesies 
meeting a leaf / of the foliation J^u transversely in a single point. The length of m is 
at most (d-f If to is a meridian of U , then |a;A/(u)| = lengthgjy(m)/£i < (i+ 1. 
Otherwise, /o|m is homotopic to a cyclic covering rj : to — > A whose degree is at 
most L(d + l)ei/e. This means that the geometric intersection number a of to 
with a meridian toq of U is at most L(d + l)ei/e. Under a suitable choice of the 
orientations of m and I, the homology class [toq] G Hi{dU,Z) is represented by 
[to] + a[l] and hence 

\ojm{v)\ = —\ength.g,j{mo) < — (lengthgj^(TO) + alengthay(/)) 

El £i 

< + =:di. 

This completes the proof. □ 

4.1. Minsky's construction. Here we will review briefly how Minsky constructs 
the Lipschitz map. 

Recall that, for each element B of the brick decomposition B oi {S x R, V) 
defined in Subsection l3.1l either £,{B) = or 1 holds. Let Be be the set of boundary 
bricks associated to elements of GJ^+ U QJ--. In Subsection 13.21 we re-embedded 
My\^\ = \]{B\J Bo) into x R so that V is identified with U \ U^g-^g^ , see Fig. O 
For any element B ^ F x [a,b] B with £,{B) = 0, let Fb be the horizontal core 
F X { } of B . Then /o|fb ■ Fb — > Np is homotopic to a pleated map /s 
such that, for each component I of dFs, fsil) is either a closed geodesic in Np or 
the ideal point of a parabolic cusp component of iVp(o g^). Fix a hyperbolic metric 
on F isometric to So, 3- By Length Upper Bounds Lemma fLemma 14. 2p . there 
exists a marking-preserving Xi-bi-Lipschitz map : F — > -Ps(o'-b)[£o.oo) for some 
uniform constant Ki > 1, where Sq is the constant given in Subsection 11.21 and ctb 
is the hyperbolic structure on Fb induced from that on Np via /s. Steps 1-6 in 
|Mi2[ Section 10] define a map /e : M^, — > Np homotopic to fo and satisfying the 
following conditions. 

(a) For any B e B with ^{B) = 0, fe\F^ = fs o iB- 

(b) For any vertex v appeared in H^, and satisfying lp(v) < £i, fQ{U{v)) is contained 
in a component of iVp(o,ei)- 
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(c) For any k > 0, there exist uniform constants L{k) > 1 and e{k) e (0,eo) such 
that the restriction /eU/^ffc] is £(fc)-Lipschitz and fe{M,^[k]) D -/Vp(o,£(fc)) — 0- 
Applying Lemma to fe\M^[o] for L — L{0), one can choose k so that lp{v) < S 
for any U{v) with |wM('f)| > k, where 5 > is a constant less than £i/2. By 
the property (b), f(i{U{v)) is contained in a component T{v) of iVp(o,ei)- Let T[k] 
be the union of all T{v) with |a;M(?^)| > k. Lemma [2.11 implies that fe defines a 
bijection between the components of Z//[fc] and T[k]. Here we may take the k and 
hence 5 so that fQ{Mi,[k])r\Ts{v) = for any component U{v) ofU[k], where Ts{v) 
is the component of -/Vp(o,<5) contained in T(u). Fixing such a k and deforming /g 
by a homotopy whose support is contained in a neighborhood of L{[k] in Mj^, we 
have a iiTy-Lipschitz map /y with /7(Z//[fc]) — T[k] and /^"'^(T[fc]) = Z//[fc]. Here we 
set £2 = ^(fc) for the fc. A Lipschitz map / = /g is obtained by extending the 
definition of /t to Wp.c.. Minsky shows that the map / is a proper degree one map 
satisfying the conditions of Theorem 14.11 The extension of / to a iiT-bi-Lipschitz 
map /' : E^, — > is proved by hyperbolic geometric arguments together with 
some differential geometric ones in |Mi2| Subsection 3.4]. 

4.2. Additional properties of the Lipschitz map. By the form p.ip of U and 
the property (i) of Theorem 14. 1[ T[k] is represented as the disjoint union: 

T[fc] =T[fc]i„t. UT[fc]g.f. UT[A:]p.c.. 

We set g = (/ U /') : ME^j — !• Np and consider the restriction 

(4.1) g = g\ME4k] ■■ ME^k] Np[k] Np \ T[k]. 

Let U[k] be the closure of U[k] in ME,y[k]. Recall that a horizontal surface in 
ME^[k] (resp. Mi,[fc]) is a connected surface F in S x {a} (resp. S x {a} n M^[k]) 
for some a G R with IntF n ZTJfcJ = and dF C U[k]. 

Proposition 4.4. For any horizontal surface F in Mi,[k], the restriction glp is 
properly homotopic an embedding h : F — > Np[k] which is uniformly bi-Lipschitz 
onto the embedded surface contained in the I -neighborhood of g{F) in Np[k]. 

Proof Set MEl = ME^\U^§^g^ and N'^ = Np\T^§^gy where '^^s\S) = ff(^(s\S)) ^ 
ir[/c]p.c.. Then ME,y[k] is a subset of ME^. Suppose that C/i, . . . , Um are the compo- 
nents ofU[k]\Up,c. such that the closure Uj in MEi,[k] meets dF non-trivially. Let 
denote g{Uj) = Tj and f/™ = C/iU- Tf = TiU-- -UT^. Let {Qi,...,Qn} 
be the set of components of N'^ \ {g{F) U T™) such that the closure of Qi in N'^ is 
compact. By Otal [Ot^, T™ is unlinked in N'^. Hence, by [FHSj . g\F is properly 
homotopic to an embedding in the union of the (closed) 1-neighborhood R of g{F) 
in Np[k] and Qi, . . . , Qn- Note that the union is also a compact set. Suppose that 
Qi contains a component T of T[A;] and U is the component oiU[k] with g{U) — T. 

There exists a properly embedded surface 5*0 in ME^[k] with Sq D F and such 
that the inclusion Sq C ME^, is a homotopy equivalence and one of the two com- 
ponents of MEl \ So, say P, is disjoint from U U C/™. Fix a horizontal surface 
Si in P sufficiently far away from 5*0. Then g\j^j^/ 

: MEl \{UU Ur) — > 

Np \ (T U T™) is properly homotopic to a map a such that a\si is an embedding. 
Let Pq be the closure of the bounded component of ME^ \ S'o U ^i, and let Ai 
{i = 1, . . . , m) be a properly embedded vertical annulus in Pq such that one of the 
components of dAi is a longitude of dUi, see Fig. 14.11 If necessary deforming a by 
a proper homotopy again, we may assume that that the restriction Q!|aiu - uA„ is 
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also an embedding. It follows from the fact that any two components of T U T™ 
are not parallel in ME^ and hence a\Ai can not wind around any component of 
T U T^" homotopically essentially. Thus F is properly isotopic to a surface F' in 
MEl \([JU [/{") with F' C Si U Ai U ■ ■ ■ U Am such that q;|f' is an embedding. 
This shows that g\p is properly homotopic to an embedding in Np \ (T U T™). 
Since Q2, • • • , Q2 are the components of N'^ \ {g{F) U T™ U T) whose closures in 
N'p \ T are compact, again by j FHS] g\F is properly homotopic to an embedding 
in i? U {Q2 U • • • U Qm). Repeating the same argument repeatedly, one can show 
that g\F is properly homotopic to an embedding /i in i?U Qm U • • • U Q„^ C Np[k], 
where {Qun ■ ■ ■ , Qu^} is the subset of {Qi, . . . , Q„} with Q^j n T[k] = 0. 

The uniform bi-Lipschitz property for a suitable embedding h is derived eas- 
ily from geometric limit arguments together with the uniform boundedness of the 
geometry on i? U Qm U • • • U Qu^ . □ 

A horizontal section of ME^ [k] is the union of horizontal surfaces of MEi, [k] in 
the same level S x {a} for some a G R. For any horizontal section E of AIE^[k], 
let C/e be the union of the components U ofU[k]\U with 9[/ n S 7^ 0. Then, E 
separates MEl \ into the (+) and (— )-end components P+, P_. By Proposition 
14. 4i g : AIEu[k] — > Np[k] is properly homotopic to a map /3 such that /3|s is an 
embedding. The map (3 is extended to a proper degree-one map /3 : ME^ — !• A^^. 
The embedded surface /3(S) = also separates N'p\Ts to the (+) and (— )-end 
components Q+,Q-, where = /3{Us) — g{UT,)- Since /3 defines a bijection 
between U[k] and T[k], if a component U of U[k] is in P_, then PiP+) n T = 
for T = PiU) = g{U). Since P{P+) D Q+, T is contained in Q_. Similarly, for 
any component U of U[k] n P+, 'g{U) is contained in Q^. This means that the pair 
(S, preserves the orders of U[k] and T[A:]. 

Corollary 4.5. The map g of (j4.ip zs properly homotopic to a homeomorphism gg. 

Proof. Let "Ho be a maximal set of horizontal surfaces in M^, [k] such that any two 
elements of T-Lq are not mutually parallel in [k] . From Proposition 14.41 together 
with the order-preserving property of horizontal surfaces, we know that, for any 
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Fi,F2 (z Ho, the restrictions g\Fi and g\F2 are properly homotopic to mutually 
disjoint embedded surfaces. By jFHSj . g is properly homotopic to a map g' such 
that F is an embedding, where g'{F) has the least area among all surfaces 

properly homotopic to g{F) on a fixed Riemannian metric on Np[k] with respect 
to which dNp[k] is locally convex. By using standard arguments in 3-manifold 
topology (see for example [Wal IHe] ) . one can prove that g' is properly homotopic 
to a homeomorphism go without moving g'\\jp^^ f- ^ 

In |Bow3[ Proposition 3.1], this corollary is proved under more general settings. 
We note that Corollary 14. 51 does not necessarily imply that go is Lipschitz. In fact, 
since we used the free boundary value problem of the minimal surface theory, we 
can not control the position of least area surfaces in Np[k]. For the proof of the 
bi-Lipschitz model theorem, we need to apply the fixed boundary value problem. 

Let F be any horizontal surface in Mj,[A:]. Since F CiU — F Ci {U\Li[k]) and the 
geometries on all components of h(\U[k] are uniformly bounded, one can show that 
any two horizontal surfaces in [k] with the same topological type are uniformly 
bi-Lipschitz up to marking. 

Remark 4.6 (Technical modifications on g). Since the length of g{l) is at most 
Kei for any boundary component / of a horizontal surface in My[A:], we may assume 
by slightly modifying g that the image g{dF) is a disjoint union of closed geodesies 
in dT[k] for any horizontal surface F. 

Let J7 be a component of U\k\ \ U^^^^g-^ and T — 'g{U). If dU is a torus, then 
it consists of two horizontal annuli and two vertical annuli. Otherwise, dU con- 
sists of one horizontal annulus and two vertical half-open annuli. Let L be the 
set of longitudes k in dU corresponding to the boundary components of these 
horizontal annuli, F{li) the horizontal surface in Mi^[fc] with dF{li) D li and Aj 
the horizontal annuli in dU with dAj C L. Note that L has cither two or four 
components. We say that g|i is well-ordered if g\gu ■ dU — > dT is properly ho- 
motopic rel. L to a homeomorphism. Since the diameter of any horizontal surface 
F in is less than a uniform constant do, diamjVp[fc] (5(^")) < KSo- As in 

the proof of Proposition 14.41 there exists a proper homotopy for g whose support 
consists of at most four components of uniformly bounded diameter and which 
moves (7 to a map 7 such that l\\jF{ii)u\JAj is an embedding into a small regular 
neighborhood of g{[jF{k) U \JAj) in Np[k], see Fig. 14.21 Thus one can modify 
the Lipschitz map g in a small neighborhood N{dU) of dU in M^[A:] by a uni- 
formly bounded-transferring homotopy so that g"™|a;7 = "f\du and hence (7"™|l is 
well-ordered. Here the homotopy being uniformly bounded-transferring means that 
sup2.gjv^_^[^]{dist7Vp[fc] (5(2;), 7(0;))} is less than a uniform constant. The reason why 
we did not define 17"°^ — 7 totally in AI^, [k] is to do such a modification of g on each 
component of dU[k] independently and simultaneously. The Lipschitz constant of 
^ncw j-j-^g^y greater than the original constant, but still denoted by K. 

Since Np[k] C iV^^^^oo) by Theorem I4.1l (i1. modifying g again if necessarily, one 
can suppose that distgT{d-A, d+A) > £2/2 for the closure A of any component of 
9T\5(L). 

4.3. Position of the images of horizontal surfaces. Let Q be the brick de- 
composition of {Mi^,U[k]). Note that Q may contain a brick Q the form of which 
is either F x (—00, a] or F x [6, 00) or S" x R. For example, when Q = F x [b, 00), 
Q contains components of U\U[k] exiting the end of Q. We say that a component 
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Figure 4.2. The dotted curves in the right side represent 7(U-^(^i))- 

of ShzQ contained in 5 x R (resp. in S x {— oo, oo}) is a real front (resp. an ideal 
front) of Q. Let (t{F) be the metric on a horizontal surface F in Q E Q induced 
from that on AU[k] and set dist(CT(F), ct(F')) — distTcich(QS) (cr(F), cr(F')). 

Let F, F' be horizontal surfaces in Q S Q. Then A\fiiM^[k]{F^ F') is the length of 
a shortest arc a in M^[fc] connecting F with F' . However, such an arc a may not 
be homotopic into Q rel. da. So we consider the covering p : M^[k] — > M^[k] as- 
sociated to 7ri(Q) C TTi{Mi,[k]) and set distM„[k];Q{F, F') — dist^ where 
F, F" are the lifts of F, F' to M^k]. One can define distNp[k]-Q{giF), giF')) and 

diamjVp[fc];Q(5(S)) for any brick B mQ similarly by using the covering q : Np[k] — > 
Np[k] associated to 5*(7ri(Q)) C ni{Np[k]). Note that, since B is embedded in Q, 
B and its lift to M^[fc] have the same diameter. 

Lemma 4.7. For any d > 0, there exists a uniform constant i{d) satisfying the 
following conditions. Let Fj (j = 0, 1) be horizontal surfaces in Q € Q. which 
contains simple non-contractible loops wj of length not greater than e\. If the 
geometric intersection number i{wQ ,wf) > i{d), t/ien distjVp[fe]:Q(3(^o)i ^ d,- 

Proof. Form the construction of Af^ [k] , we know that horizontal surfaces in Q have 
uniformly bounded geometry up to marking. Since moreover Np[k] C iVp[e2,oo)j a 
geometric limit argument as in Example 11.31 shows the existence of a uniform con- 
stant T{d) > such that, \i d{cF{Fo),a{Fi)) > T{d), then distN^[k].Q{g{Fo), g{Fi)) > 
d. 

Suppose here that d{a{Fo),a{Fi)) < T{d). Then the length of a shortest loop 
w'l in Fq freely homotopic to wi in Q is bounded from above by a uniform constant 
l{T{d)). Let a be any arc a in Fq with da C wq such that a is not homotopic 
in F rel. da to an arc in wq. It is not hard to see that the length of a is not 
less than a uniform constant A > 0. Since Xi{wg ,Wi) < \engthp^{w[) < l{T{d)), 
i{d) := A~^Z(r((i)) is our desired uniform constant. □ 

For any brick Q of Q, we will define a new brick decomposition X>q on Q. 
From the definition of meridian coefhcients in Subsection 13.31 we know that, for 
any component U oi U \ U[k], the diameter of dU is less than a uniform constant 
6i. We may assume that 6i > 1. Let B be any brick of Q such that at least 
one component A of dvtB is contained in dU for some component U of U \U[k]. 
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Since any point of B is connected with a point of A along a path in a horizontal 
surface in B, the diameter of B is at most 25o + 5i. By Lemma [2.31 either the 
diameter of Q is less than no(25o + <5i) or there exists a brick C of Ba for some a 
such that is a compact core of and the compliment of Bq = C n Q in Q 
consists of at most two components the closures B^ of which are bricks of diameter 
less than no(2(5o -'r^i)- Hence diam7Vp[fc]:Q(5(i?a)) is less than the uniform constant 
Kni^{25{) -\- 5i) =: 70. These B^ are called the complementary brick of Bq in Q. 
Since 5i > 1, 70 > K{ 6o + 1). 

According to [Mill Lemma 2.1], there exists a uniform constant do = (io(27o) 
such that dc(^p-j{u,v) > do implies i{u,v) > l{2jo) for any u,v G Co(-F'), where 
is the uniform constant given in Lemma 14.71 Let gc be the tight geodesic in 
defined in Subsection 12.11 Consider the subsequence = {I'ljig/ of the tight 
geodesic gc consisting of entries Vi with A{vi) D IntBg 7^ 0, where / is an interval 
in Z. In the case of £,{Q) — 1, one can adjust Bq in Q so that Agg n d±BQ 7^ 
if d±BQ 

Suppose that the cardinality |/| of / is greater than 2do. Then there exists a 
maximal subsequence {jjjjgj of / = {«} with do < ij+i — jj < 2do and containing 
inf/, sup/ if they are bounded. Consider horizontal surfaces Fj (j G J) in Q 
such that Fj C Bq and Fj n A{vi^) 7^ if ij ^ {inf/, sup/} and Fj = d-Q if 
ij = inf/, Fj — d+Q if ij — sup/. Let X'g be the set of bricks Dj in Q with 
dhzDj = U /"j+i. In the case that |/| < 2do, we suppose that X>q is the single 
point set {Q}. We denote the union Uges^Q ^y X>. 

For any element of D in Vq with ahzF* H c^hzQ = 0, if ^(D) > 1, then d-D 
and 9+/) are connected by the union R of at most 2do bricks in D of diameter not 
greater than 2So + 5i . Since each horizontal surface F' of D meets R non-trivially, 
the diameter of D is less than 2do(2(5o + Si) + 26o =: S'2. If ^{D) = 1, then D 
contains at most 2do buffer bricks each of which is isometric to either /?o,4 or Bi i. 
Then one can retake the uniform constant 62 if necessary so that diam(/)) < 62 
even if £,{D) — 1. In the case that di^zD n dhzQ 7^ 0, ^ contains at most two 
complementary bricks B^- Since diam(/3Q,) < no{2So + Si), the diameter of D is 
less than 62 + 2no(2So + Si) =: 62- It follows that 62 is a uniform constant with 

(4.2) diam(D) < 62 for any D eV. 

Similarly, each component of d^tD is an annulus of diameter less than 62- 

We say that a sequence of horizontal surfaces {^ijie l in Q indexed by an interval 
in Z ranges in order in M^[k] if Yj-i and Yj+i are contained in distinct components 
of M,^[k] \ Yi for any {/ — 1, /, / + 1} C L, where y„ is the lift of y„ to the covering 
p : M^[fc] — > M^[k] associated to ni{Q) C TTi{M^[k]). The definition of {g{Yi)}i^L 
ranging in order in Np[k] is defined similarly when g{Yi) D (7(Y(+i) — for any 
{1,1 + 1} C /. 

Lemma 4.8. Let Q be a element of Q such that T^q has at least two elements. 
Then, for the sequence {Fj}j^j of horizontal surfaces in Q as above, {g{Fj)} ranges 
in order in Np[k] and, for any j (z J and n G N with Fj^n well defined, 

(4-3) dist N^[k]-Q{g{Fj), 9 {Fj+n)) > "To- 

Proof Set F^ = d±BQ if Fj ^ d±Q and F^ = Fj otherwise. Both F!^ D A{vi^) 
and /j+i n A{vjj_^-^) contain simple non-contractible loops wi, W2 of length Si, 
respectively. Since dc{QS){wf ,W2) = ii > do, i(wf ,wf) > 1(270). By Lemma l477l 
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distN^[k]:Q{9{Fj) , 9{Fj+i)) > 270. For the proof, we need to consider the case that 
i^^ / Fu or F^+i ^ F^+i for some u e J, say F„ ^ F^. Then F^+i = 
since T>q has at least two elements. There exists a complementary brick with 
UF^. Since diamf^^[i,].Q{g{Ba)) < 70, dist^r^[i,].Q(5(F„), > 70. 
It follows that distN^[i,].Q{g{Fj),g{Fj+i)) > 70 for any j e J. 

If {g{Fj), g{F-_^_j^), g{Fj^2)} did not range in order in Np[k], then for some integer 
a with ij < a < ij+2, there would exist horizontal surfaces Ga, G'^ in Bq with 
Ga n A{va) ^ 0, distM„[fe];Q(Ga,G;) < 1 and g{G',) n ^(Fj+J ^ 0, where 6 - 2 
if ij < a < ij^i and 6 = if < a < ij-i-2- Here GJj is taken to be equal 
to Ga unless S,{Q) = 1 and G'^ is in a buffer brick. Since dc(QS)('(;Q, > do, 
Lemma B771 would imply d\stNp[k];Q{9{Ga), g{Fj_^f^j) > 2jo. On the other hand, 
since 5(G;) n ^ 0, 

distjVp[fc];Q(5(-P,'+b),5(Ga)) < diamjv^[fe].Q(5i(G;)) +distwp[fe].Q(5(G;),5(G„)) 

< K5q + K <jo- 

This contradiction shows that {g{F-),g{F-^j^),g{Fj^2)} ranges in order in Np[k]. 
Since distNp[k]-QigiF;^), giF^+i)) > 270 for w = + distAr^[fe].Q(5(F^), ^(F^)) < 
70 for w = j,j + 2 and Fj_^i = F^+i, it follows that {g{Fj), g{Fj+i), g{Fj+2)} 
also ranges in order and hence {.g(F,)} does. Then the inequality (|4.8[) is derived 
immediately from dist jv^^j.]. q(5(Fj), g(F,+i)) > 70 for any j. □ 

For any component U of U[k], dU has the foliation Fjj consisting of geodesic 
longitudes of length Si. By Remark 14.61 the boundary dT of T = d{U) can have 
the foliation Qu consisting of geodesic leaves such that g{l) € Gu for any leaf I of 
Fjj- Thus g\du defines a X-Lipschitz map Ojj : J-u — > Gu, where Fjj and Gu 
have the metrics defined by the leaf distance in the Euclidean cylinders dU and 9T 
respectively. Any contractible component of Fjj or Gu can be identified with an 
interval in R as a metric space. For any annulus A in dU with geodesic boundary, 
the subfoliation of Fjj with the support A is denoted by Fa- When A is vertical, 
for any x € Fa, the horizontal surface in M,y[A:] which has a boundary component 
corresponding to x is denoted by F{x). If F{x) is a component of dhzD for some 
D G "D, then x is called a sectional point. 

5. Geometric proof of the bi-Lipschitz model theorem 

In this section, we will present a hyperbolic geometric proof of the bi-Lipschitz 
model theorem given in |BCM| . 

Theorem 5.1 (Bi-Lipschitz Model Theorem). There exist uniform constants K' > 
l,fc > such that there is a marking-preserving K' -bi-Lipschitz homeomorphism 
Lp : MEu [k] — > Np [k] which can be extended to a conformal homeomorphism from 
doo ME^ todooN. 

For the proof, we need the following two lemmas. 

Lemma 5.2. For any component U of hl[k\, let A be a vertical component of 
dU . Then there exists a uniform constant oq such that, for any xq,xi G Fa with 
distjF„(a:;o,a;i) > oq, dis\.g^[6u{xo),0u[xi)) > K. 

Proof. Since each component of 9vt-D [F) S f) has diameter less than 82, for any 
Xi G Fa, there exists a sectional point yi £ Fa with \xi — yi\< (52/2. Since 9u is K- 
Lipschitz, it suffices to show that there exists a uniform constant ao with |yo~2/i| < 
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ao — 62 for any sectional points yo,yi in Fa with \6u{yQ) — 6u{yi)\ < K{S2 + 1). 
We may assume that yo < yi and Ouiyo) < 9u{yi)- Consider the annulus A' in dT 
with Ga' = [euiyo),9u{yi)]: where T = g{U). Set X = g{Fiyo)) (J A' (J g{Fiyi)). 
Since diam^rp[fe].Q(5(F(y,))) < KSq for i = 0, 1, diam(X) < K{2Sq + S2 + 1). 

Suppose that g{F{y))r\X is empty for some sectional point y £ (j/o, J/i)- We may 
assume that 9u{y) < Ou{yo)- Since g is properly homotopic to a homeomorphism 
go by Corollary 14. 5 1 one can exchange the positions of g{F{y)) and g{F{yo j) by a 
proper homotopy in Np[k]. If necessary modifying go near A, we may assume that 
go{dAF{yo)) = gidAFiyo)), where dAFiyo) = Fiyo)nA. Since 5(F(2/))ng(F(yo)) - 
and go{F{yo)) O go{F(y)) — 0, by [FHS there exist properly embedded mutually 
disjoint surfaces Hy, Hy„, H'y in Np[k] such that g{F(y)) is properly homotopic 
to Hy rel. g{dAF{y)), both giF{yoj) and go{F{yo)) to iJ^^ rel. g{dAF{yo)), and 
go{F[y)) to rel. go{dAF{y)). Since U i/^ excises from Afp[fc] a topological 
brick i? containing as a proper subsurface, Hy is properly homotopic to Hy^ 
in iVp[fc]. This implies that F{y) and F{yo) are properly homotopic to each other 
in Mi/[fc] and hence contained in the same brick Q £ Q. 

Let Z be the set of sectional points z of Fahq with z > yo- By Lemma 14. 8[ 
0u{z+) < Ouiyo) and 9u{Z) is contained in the interval [9u{z+),0u{yo)), where 
F{z+) C d+Q. Since 0(7 (z) < 9u{yi) for any z G yi is not in Z. If y' is the 
smallest sectional point in (z+,yi], then g{F{y')) meets X non-trivially. Let A" 
be the annulus in dT with Ga" = [9u{z+),0u{y')\ (or [9u{y'),0u{z+)\) and Y = 
A" U g{F{y')). Since diam(A") < /sTf^s, diam(y) < K{5o + 52)- If g{F{z)) n F = 
for z e then the positions of g{F{y')) and g{F{z)) would be exchanged by 
proper homotopy in Np[k]. This contradicts that y' ^ Z. Hence g{F{z)) intersects 
X' = Mk{So+S2){^i NpW\)- It follows that g{F{y)) n X' ^ for any sectional point 
y in [yo,2/i]- 

The interval [yo, yi] has at least {yi — yo — ^2)1 &2 sectional points ya. Since the 
surfaces F(jja) have mutually non-parallel simple non-contractible loops la with 
lengthjv [k]{9{la)) < K^i and diam(X') is uniformly bounded, by a geometric limit 
argument as in Example 11.31 one can prove that (yi — yo — ^2)1^2 is less than a 
uniform constant toq. Thus we have \yo — yi\ < ao — 62 for ao '■= (jno + '2)52- D 

For an interval J in Fjj, an interval / in Qjj with dl ~ 0ij{dJ) is the reduced 
image of J ii 9ij\j is homotopic rel. dJ to a homeomorphism to /. 

Lemma 5.3. There exist uniform constants Ko,d3 such that 9u is homotopic to a 
Ko-bi-Lipschitz map C,u : Fu — > Gu such that distg^{9u{x),C,uix)) < ds for any 
X G Fu- 

Proof. Consider any component U £U[k] such that dU contains a vertical annulus 
component A with (l\am.j^„{FA) > ao- Let {xi} be a sequence in Fa with oq < 
Xi+i — Xi < 2ao and Fa = Ui where Ji = [xi, a^i+i]. By Lemma [5?2l the reduced 
image Ii of Ji satisfies 

(5.1) K < diamg^ili) < dmmg„{9uiJi)) < 2Kao. 

Thus 9u\j^A • -Fa — 5- Qu is homotopic to the map Qa '■ ^A — 5- Qu rel. {xi} such 
that, for any Ji, the restriction C^iIj; is an affine map onto Ii. Then, by (|5.1|1 . 
d\stg^{9u{x), Ca{x)) < 2Kao for any x G Fa- If h H li+i \ {xi^i\ were not empty, 
then there would exist Zi G Ji and Zi+i G Ji+i with max{xi+i — Zi, Zi+i — Xi+i} = ao 
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and 9u{zi) = 9u{zi+i)- Since Zi+i ~ Zi> oo, this contradicts Lemma [5^ Thus, by 
()5.ip . is a uniformly bi-Lipschitz map onto an interval in Qjj. 

Let A' be a horizontal component of dU . If A' is not contained in a boundary 
brick in 3d, then A' is isometric to x [0, 1] as defined in Subsection 13.11 and 

hence diamjF^ (J^^/ ) ~ 1. By Remark |4.6[ the reduced image / of Fa' satisfies 

— < diamg^,(/) < diamg^{9u{J^A' )) < K. 

Thus 0u\j^ji, ■ J' A' — > Qu is homotopic to a uniformly bi-Lipschitz map (a' ■ 
Ta' — > I' C Qu rel. OFa' by a uniformly bounded-transferring homotopy. If A' is 
contained in a boundary brick, then C,a' = ^[/U' '■ A' — > Qjj is already uniformly 
bi-Lipschitz onto the image by Theorem l4. ll (iii) . The union C,ij of these bi-Lipschitz 
maps is our desired map. □ 

Proof of Theorem \5.1\ By Lemma 15.31 there exists a uniform constant Ki such 
that g : ME^[k\ — > Np[k] is properly homotopic to a iCi-Lipschitz map gi with 
distjv [fe] (5(2;), gi(a;)) < (is + 1 for any x € ME^[k] and such that the restriction 
gi\du induces the ifi-bi-Lipschitz map C,u ■ — > Qu for any component U of 
lA[k], where the support of the homotopy is contained in a small collar neighborhood 
of dU\k\ in ME^\k\. Here just means that da -|- 1 is a constant strictly greater 
than d^. Since the original g\E^ ■ — > Em is uniformly bi-Lipschitz by Theorem 
I4.1l (iii). we may suppose that gi\E^ is also a uniformly bi-Lipschitz map onto Ej^. 

Deform the metric on Np[k] in a small collar neighborhood of dNp[k] so that 
dNp[k] is locally convex but the sectional curvature of Np[k] is still pinched by 
— 1 and some uniform constant kq > 0. For any critical horizontal surface Ga of 
ME,y [k] , let Ha be a surface in Np [k] which has the least area with respect to the 
modified metric on Np[k] among all surfaces properly homotopic to gi{Ga) without 
moving their boundaries. By Proposition 14. 4[ gi(Ga) is properly homotopic to 
an embedding without moving the boundary. By |FHS] . Ha is also an embedded 
surface and HaHHp = whenever Ha 7^ Hp. Since the area of Ga is less than some 
uniform constant Aq, Area{Ha) < Area.{gi{Ga)) < KfAo. Since Np[k] C iVpjg^^oo) 
by Theorem 14. ll (i). the injectivity radius of Ha is not less than £2- Since moreover 
the intrinsic curvature of Ha at any point is at most kq, the diameter of Ha is less 
than a uniform constant. As was seen in Example 11.41 and Remark 1 1.5) there exists 
a uniform constant K2 > 1 such that gi is homotopic without moving gi\dME„[k] 
to a _R'2-Lipschitz map g2 the restriction g2|G<, of which is a i4'2-bi-Lipschitz map 
onto Ha for any Ga- 

Let {Fj } be the sequence of horizontal surfaces in Q e Q given in Lemma 14.81 
Since (72 is obtained from g by a uniformly bounded-transferring homotopy, there 
exists a uniform constant oi € N and a subsequence J^q = {Y/}/gL of {Fj} with 
Yi = Fj^ indexed by an interval L in Z which satisfies the following conditions if 
"Dq contains at least (ai — 1) bricks. 

(i) YiniL = d-Q and Y^upL = d+Q if any. 

(ii) ji+i -31 < ai and Aisi ^ ^[i,-^.Q{g2{Yi) , g2{Yi+i)) > 370 for any {1,1 + 1} C L. 

(iii) The sequence {g2{Yi)} ranges in order from g2{d-Q) to g2{d+Q) in Np[k]. 

By and (ii), dist^^[fc].Q(g2(11), <?2(11+i)) < i^2<52ai. Set y = UgesiVQ- 

Note that the 70-neighborhoods N'yQ{g2{Yu)) of g2{Yu) in Np[k] for Yu G yq not 
in 9hzQ are mutually disjoint and disjoint from the 70-neighborhood of g2{dhzQ)- 
By Proposition [131 for any Yu e y \ \Ja{Ga}, the restriction g2\Yu : Yu — > Np[k] 
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is properly homotopic to an embedding hu which is a Xs-bi-Lipschitz map onto 
a surface contained in J\fjg(g2{Yu)) for some uniform constant K3 > 1. Since 
the geometries on these embedded surfaces are uniformly bounded, there exists a 
uniform constant K' > majc{K2, K3} as in Example 11.41 such that 52 is properly 
homotopic to a i^'-bi-Lipschitz map if with ip\\j Gq ~ fslij Gq ^^^d iflv^ = for 
any Yu E y \ {Gq}. This completes the proof. □ 

It is well known that the bi-Lipschitz model theorem together with standard 
hyperbolic geometric arguments implies the Ending Lamination Conjecture. 

Theorem 5.4 (Ending Lamination Conjecture). Let Np, Npi be hyperbolic 3-manifolds 
as in Subsection ll.Si which have the same end invariant set v. Then, any marking- 
preserving homeomorphism f : Np — > Npi is properly homotopic to an isometry. 

Proof. By Theorem lS.!) there exist marking-preserving uniformly bi-Lipschitz maps 
(fi : MEi, \k\ — > Np \k\ and tp' : ME^, [k] — > Np' [k] which are extended to confor- 
mal homeomorphisms from dooME^[k] to doo Np and dooNpi respectively. One can 
furthermore extend Lp, ip' to uniformly bi-Lipschitz maps ip : ME^, — >■ Np and 
ip' : ME^ — > Npi by using standard arguments of hyperbolic geometry, for exam- 
ple see |BCM[ Lemma 8.5] or |Bow3[ Lemma 5.8]. Then $ = ^' o p-'^ : Np — > Np, 
is a marking-preserving bi-Lipschitz map. The $ is lifted to a bi-Lipschitz map 
$ : H'^ — > between the universal coverings, which is equivariant with re- 
spect to the covering transformations. The map $ is extended to a quasi-conformal 
homeomorphism on the Riemann sphere C such that $a|r2p is a conformal home- 
omorphism from rip to Qp' , where flp is the domain of discontinuity of the Kleinian 
group p{tti{S)). By Sullivan's Rigidity Theorem ^Suj , <i>g is an equivariant confor- 
mal map on C and hence extended to an equivariant isometry ^' : H'^ — 5- H'^, 
which covers an isometry ijj : Np — > Np, properly homotopic to /. □ 
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